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Abstract 

Field theory of massive and massless vector particles is consid- 
ered in the first-order formalism. The Hamiltonian form of equations 
is obtained after the exclusion of non-dynamical components. We 
obtain the canonical and symmetrical Belinfante energy-momentum 
tensors and their nonzero traces. We note that the dilatation symme- 
try is broken in the massive case but in the massless case the mod- 
ified dilatation current is conserved. The canonical quantization is 
performed and the propagator of the massive fields is found in the 
Duffin— Kemmer— Petiau formalism. 



1 Introduction 

The theory of the unified weak and electromagnetic interaction between ele- 
mentary particles including vector particles (Standard Model) is renormalized 
field theory pQ. The crucial role plays the spontaneous breaking symmetry 
when massless vector fields acquire masses due to the Higgs mechanism. 
Nowadays, it is of great importance for searching the scalar Higgs bosons at 
Large Hadronic Collider. Anyway, the old problem of describing massive and 
massless vector particles is of theoretical interest. It is well known that the 
Proca equations for vector particles can be cast into the first-order (the ma- 
trix form) Duffin— Kemmer— Petiau (DKP) relativistic wave equation (RWE) 
[2], [2], [I], [5]. One can find early references on DKP equations in [6]. The 
matrix form of RWE is also convenient for the formulation of higher deriva- 
tive field equations [7], [SJ, [9], [ID], fields with multi-spin [II], P2], [13], 
[bf] . [To] , [T6] . Einstein gravity equations [TT], fields in curved space-time 
[IS] . [19] , [20] and quantum chromo dynamics [21]. There is a vast number 
of papers devoted to DKP equations, and, therefore, we mention only some 
part of them. 
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The goal of this paper is to give the systematic description of massive 
and massless vector fields in the DKP formalism, to find solutions in the 
form of projection matrix-dyads, to obtain the quantum-mechanical Hamil- 
tonian, to investigate the dilatation symmetry, and to perform the canonical 
quantization. 

The paper is organized as follows. In Sec. 2, we consider massive and 
massless vector fields in the form of RWE with two mass parameters. Solu- 
tions of the wave equation for a free massive field are obtained in the form of 
matrix-dyads. The quantum-mechanical Hamiltonians are found for massive 
and massless vector fields in Sec. 3. We obtain the canonical and the sym- 
metrical Belinfante energy momentum tensors and the dilatation current in 
Sec. 4. It is demonstrated that the dilatation symmetry is broken for massive 
fields but in the massless case the modified dilatation current is conserved. 
In Sec. 5, the canonical quantization of massive fields is performed and the 
propagator of fields is obtained in the DKP formalism. We draw a conclusion 
in Sec. 6. In Appendix, we demonstrate that the system of equations with 
two mass parameter introduced can describe massive or massless fields. 

The Euclidean metric is used and the system of units H — c — 1 is 
explored. 

2 Vector particles in the first-order formal- 
ism 

To consider the massive and massless vector fields, let us introduce the system 
of equations with two mass parameters 

(1) 

System of equations (1) is the generalization of Proca equations, and de- 
scribes massive or massless particles depending on parameters mi, m 2 cho- 
sen (see Appendix). At mi = m 2 , after the renormalization of fields, one 
arrives at the Proca equations. At m 1 = 0, we have the massless case cor- 
responding to the Maxwell equations. Excluding the antisymmetrical tensor 
ip^v] in Eq.(l) (see (Al) in Appendix), in the general case, we find the wave 
equation for the field ip^ possessing the mass m = v /mim 2 . Thus, Eq.(l) 
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gives the convenient parametrization for description of massive or massless 
vector fields. The fields ipA (A = fi, [fJ-v]) have the same dimension due to 
the presence of the mass parameter vri2. 
Introducing the wave function 

*<*> = «*<*»=( ) (* = M (2) 

and the elements of the entire matrix algebra e A,B , with properties 

-X„.X„„ C M,A C B,N _ r _M,N 



e ) ab = OmaOnb, e ' e ' = o A bs , (3) 

where A,B,M,N = /i, [pas], the system of equations (1) can be represented 
in the matrix form 



* B (x)=0. (4) 

AS 



'2 

We imply a summation over all repeated indices. Defining the 10 x 10 matrices 

Eq.(4) takes the form of the first-order RWE 

{p^ + mj> + m 2 P) S>(x) = 0. (6) 

The matrices /3 M are Hermitian matrices, /3+ = ,9^. The projection operator 

P = P + extracts the four-dimensional vector subspace (ip^) of the wave 
function and the projection operator P = P + extracts the six- dimensional 
tensor subspace corresponding to the Vfyi/]- ^he ma trices /3 M obey the DKP 
algebra 

/^AA + PaM^ = W + <W M > (7) 

and matrices P, P are projection matrices 

p 2 = P 2 = p P + P = 1, pp = pp = o, 

(8) 

PpP + PP^Pn, P»P + P^ = ^. 

At mi = m 2 = to, from Eq.(6), we arrive at the DKP equation for massive 
vector fields 

(/V„ + m)tt(a;)=0. (9) 
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For massless DKP equation, corresponding to the Maxwell equations, we put 
mi = in Eq.(6), and arrive at 

(^ + m 2 P)*(s) =0. (10) 

In [22], [22] the case m x = 0, Eq.(10), was considered. It should be noted 
that massless DKP model describes electromagnetic fields and is invariant 
under a local U(l) gauge symmetry and being a fundamental requirement for 
their description. The gauge transformations in DKP formalism are given by 

W = $ + p$. 

Then with the help of Eq.(8),(10), we obtain 

WA + m 2 P) = {1-7)0^$. 

Thus Eq.(10) is invariant under gauge transformations if the function $ obeys 
the equation as follows (see also [22]): Pf3^d^ = 0. It is easy to verify that 
this equation is valid for the function 

•w - ( 9 »f ] ) , 

which leads to the gauge transformations: ift'Jx) = ip^(x) + d^A(x). The 
gauge invariance of massless DKP equation was also discussed in [21]. 

Now, we investigate the general case, Eq.(6), including two mass pa- 
rameters, mi and m 2 . The Lorentz group generators in the 10-dimension 
representation space are given by 

■V = M» - PuP» = e M ' lXu] + e"'" - £ M,M _ £ ",m 

and obey the commutation relations 

\Jp(Ti Jfiv] ^cr^Jpu ^pv^ap ^ ppJ av ^avJ ppi 

\P\, J»u] = huPu - hu/3p, [T, J^u] = 0, [P, J„ v ] = 0. 

Eq.(6) is form-invariant under the Lorentz transformations because of Eq.(12). 
The Lorentz-invariant is \I/\E' = \& + ?7\l/, where is the Hermitian-conjugated 
wave function, and the Hermitianizing matrix, rj, is given by 

^ _ £ m,m _ £ 4,4 _|_ £ [m4],[m4] _ }^ £ [mn],[mn] 



(12) 



The 77 is the Hermitian matrix, i] + = rj, and obeys the relations: i]j3 m = 
—f3 m r] (m=l,2,3), r]f3 4: = fi^r). With the help of these relations, one finds the 
"conjugated" equation 



- m x P - m 2 p) = 0. (14) 
The Lagrangian leading to Eq.(6),(14) is 



(15) 



C = ~*(x) (/^ + m x P + m 2 P) 

+^*(x) ($X - mj 5 - m 2 P) *(x). 
In terms of fields ipA, the Lagrangian (15) reads 

£= \ {^W] d ^ P ~ % d ^W] ~ m i%^» + ^Y^[p^W]) + c - c -> ( 16 ) 

where the c.c. means the complex conjugated expression; complex conjuga- 
tion * does not act on the metric imaginary unit % of fourth components in 
Eq.(16), ip* = (^^jitpo), and so on, and we used \I/ = (ip*, It is easy 

to verify that Euler-Lagrange equations OC/dipA — (dC/dd^A) = lead 
to the equations of motion Eq.(l). The Lagrangian (15) (and (16)) vanishes 
for fields ipA obeying Eq.(l) (or Eq.(6),(14))). 



3 Solutions to the matrix equation 

Eq.(6), in the momentum space, for the positive (+p) and negative (— p) 
energies, reads 

(±ip + mj 5 + m 2 P) V(±p) = 0, (17) 

where p = P^p^, and the four-momentum being p^ = (p, ip ) (p 2 = p 2 — p%). 
One can verify that the matrix of equation (17) 

A± = ±ip + m 1 P + m 2 P, (18) 

obeys the "minimal" matrix equation: 

(A± - mi) (A± - m 2 ) f(A± - mi) (A± - m 2 ) + p 2 } = 0. (19) 
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The non-trivial solutions to Eq.(17) exist if detA-t = 0. Therefore, the 
eigenvalue of the matrix A± should be zero, and this requirement results to 
the dispersion relation 

p 2 + m 1 m 2 = 0. (20) 

Other eigenvalues of the matrix A± are mi and 777.2, that follows from Eq.(19). 
On-shell, p 2 = — mim 2 , when ra\ 7^ m 2 , Eq.(19) becomes 

A± (A± - mi - m 2 ) (A± - mi) (A± - m 2 ) = 0. (21) 

Solutions to Eq.(17) in the form of the projection matrix [23] follow from 
Eq.(21): 

n ± = (A± - mi - m 2 ) (A± - m x ) (A± - m 2 ) 

( - ^ (22) 

= ^fNip l±imipP ± im 2 pP — mim 2 ) , 

so that A±II-|- = 0, where A^ is the normalization constant. Every column of 
the matrix II-i- is the solution to Eq.(17). The projection matrix obeys the 
equation 

n| = n ± , (23) 

that leads to the normalization constant 

N = -. (24) 

mim 2 (mi + m 2j ) 

This can be verified with the help of Eq.(21). We notice that Eq.(21) is 
the minimal polynomial only for the non-degenerate case mi 7^ m 2 . For the 
special case, mi = m 2 , we have to use the minimal matrix equation on-shell: 

A± (A± - m) (A± - 2m) = 0. (25) 

We obtain the projection operator from Eq.(25) 

Eq.(22) at mi = m 2 becomes Eq.(26) . 

We use the spin projection operators [25J: 

S(±i) = -cr P (cr p ± 1) , S(p) = l-o*. (27) 
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where 

% % 

°P = \tabcVaJbc = - 1 -^abcVaPbPc- (28) 

2 I P I I P I 

One can check the relations [A±,cTp] = 0, S 2 ±1 ^ = £(±1), S(±x)S(p) = 0, S 2 ^ = 
S(o), [A±, £(±1)] = 0, [A±, 5(o)] = 0. The projection operators extracting 
solutions to Eq.(17) with spin projections ±1, in the form of matrix-dyads 
are given by 

n±%i) = * ± i-^±i, n ± 5 (0 ) = ^o-^o. (29) 

The matrix-dyad has the matrix elements (\l/ • ^)ab — ^a^b- Eq.(29) allow 
us to make calculations of different electrodynamics processes with vector 
particles in the covariant form [25J. 

For the case of massless vector particles (photons), the parameter m\ = 
and p 2 = 0. Then the matrix of equation (10) is 

A^ = ±ip + m 2 P, (30) 

and satisfies the minimal matrix equation 

Ai 0)2 (Ai 0)2 -m 2 ) 2 = 0. (31) 

In this case zero eigenvalues of the operator A^ are degenerated and it is 
impossible to obtain solutions in the form of projection matrix-dyads [25J, 
[23] . In the case of generalized Maxwell equations such difficulty is absent 
[26], [27]. 



4 The Hamiltonian form of equations 
4.1 Massive fields 

It is very useful to obtain the quantum mechanical Hamiltonian correspond- 
ing to equations (1) (or (6)) because the non-dynamical components will be 
absent. There was a suggestion in |28j to couple the electromagnetic field in 
the DKP equation only at the level of the Hamiltonian form. Some aspects 
of Hamiltonian form of DKP equations were considered in [29], [30], [31]. To 
exclude the non-dynamical components, we rewrite Eq.(l) in the form of two 
systems 

m 2 ip[A m ] = d 4 ijj m - <9 m ^ 4 , d^ [m4] + d n tp [mn] + m^ m = 0, (32) 
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m 2 ^[mn] = d m i) n - d n iJ m , <9 n ^[4n] + ^1^4 = 0. (33) 

Equations (32) contain derivatives on the time of the dynamical compo- 
nents tp m , tp[m4], and Eq.(33) possess only spatial derivatives on auxiliary 
(non-dynamical) components ^4, ip[ mn }- Replacing non-dynamical compo- 
nents from Eq.(33) into Eq.(32), we arrive at the equations for the dynamical 
components 



mi 

m 2 v ' 



(34) 



We can represent Eq.(34) in the matrix form introducing the six-component 
wave function 

( iW \ 

With the help of the elements of the matrix algebra Eq.(3), we rewrite Eq.(34) 
in the Schrodinger-like form 



§(x) 



(35) 



mi£ [m4],m _ m2£ n,[4n] + £ n,[4m]^^ 

mi 



(36) 



+ _( £ [m4],n dmdn _ £ [m4],m d 2\ ^ 

m 2 \ J . 

where the Hamiltonian is given by 

U = mi e [m4] > m - m 2 e n ' [4n] 

+—e n ' [4m] d n d m + — (e [m4] ' n d m d n - e [m4] ' m d 2 n 
mi ^2 V 

We have implied that m 1 7^ 0, m 2 7^ 0. The Hamiltonian (37) is simplified 
for the choice mi = m 2 = m: 



(37) 



n = m [e [m ^ m - e n ' [4n] ) + — (e n ' [4m] + e [m4] ^d m d n - £ [m4] ' m d] 



• (38) 



The six-component wave function (35) corresponds to three spin states with 
positive (for particles) and negative (for antiparticles) energies and does 
not contain auxiliary components. We can introduce the minimal inter- 
action of vector particles with electromagnetic fields by the replacement 
d/x — » <9 M — ieA^, where is the vector-potential of electromagnetic fields. 
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One may verify using the properties (3) that the matrix Hamiltonian (37) in 
the momentum space obeys the minimal equation 

(n 2 - p 2 - m im2 ) (n 2 + p 2 - m im2 ) = 0. (39) 

Equation (39) is an operator identity because in the momentum space, <9 M — >■ 
ipn, the Hamiltonian is the matrix operator. If m 1 > and m 2 > 0, the 
physical eigenvalue of the Hamiltonian squared follows from Eq.(39): pi = 
p 2 + mim 2 . The projection operator extracting states with positive (po) and 
negative (—po) energies is given by 

£± = ±— (H ± Po ) (n 2 + p 2 - m x m 2 ) , (40) 

so that E± = E±, E-j.'H = HT;± = ±p E±, where p = VP 2 + mim 2 . The 
projection operator (40) allows us to get solutions to the Hamiltonian equa- 
tion (36). 



4.2 Massless fields 

In the case of massless vector fields (photons), we put m\ = in Eq.(32),(33) 
and arrive at 

m 2 i/j [4m] = d 4 ip m - d m ^ 4 , d 4 ip [m4] + d n ^ [mn] = 0, (41) 

m 2 ^ [mn] = d m ip n - d n tp m , d n ^ [4n] = 0. (42) 

It is impossible to exclude the component i\) 4 from Eq.(41),(42). Therefore, 
we need to consider the vp 4 as a dynamical component for the massless fields. 
To have the evolution of the ip 4 in time, we add to Eq.(41),(42) the Lorentz 
condition d m ifj m + d 4 ifj 4 = 0. After the exclusion the non-dynamical compo- 
nent ip[mn] from Eq.(41), one finds the equations as follows: 

idt^m = -rn 2 4> [4m] - d m ^ 4 , 

id t ip 4 = d n ip n , (43) 

id t ip [m4] = — (d m d n ip n - dlip m ) . 

Introducing the seven-component wave function 

*o(a;)= ( ), (44) 
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and using the elements of the entire matrix algebra Eq.(3), we represent 
Eq.(43) in the Hamiltonian form 

1 / \ ( 45 ) 

U = -m 2 e n ' [4n] + (e 4 - m - e m - 4 ) d m + — [e [m ^ n d m d n - e [m ^ m d 2 n j . 

With the help of Eq.(3) one can check that the Hamiltonian (45) in the 
momentum space satisfies the minimal equation 



m [Ht - P 2 j = 0. (46) 

The projection operator extracting states with positive (p = |p|) and nega- 
tive (po = — |p|) energies is 

Zl = ±-^(Ho±\p\)K (47) 
^IPI 

and (Zi) 2 = E° ± , £° H = U^l = ±\p\E° ± , where |p| = s/pj+pj+pj. 

5 The energy- momentum tensor and dilata- 
tion current 

Now, we construct the energy-momentum tensor for a given Lagrangian (15). 
With the help of the general equation [32] 

we obtain the canonical energy-momentum tensor 

T c , v = \ (dMx)) 0^(x) - h${x)Ppd v *(x), (49) 

where we took into consideration that the Lagrangian (15) vanishes for fields 
obeying the equations of motion. With the aid of Eq.(2),(3),(5) the canonical 
energy-momentum tensor in the component form becomes 



rpC 

^ 2 



\ (ip[p^9utpp - V^VW]) + c - c - ( 50 ) 
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It is easy to verify, using Eq.(l), that the energy-momentum tensor (50) 
(and (49)) is conserved tensor, d^T^ = 0. The canonical energy- momentum 
tensor is not the symmetric tensor, T^ v ^ T£ , and its trace is 

T w = miif)*^ - ^m 2 ?/f H ^ H . (51) 

One expects a nonzero trace of the energy-momentum tensor and a broken 
dilatation current in a massive theory. But even for massless fields, m\ = 
0, m 2 7^ 0, the trace of the energy-momentum tensor in (51) is non-zero. 
Therefore, it is of interest to investigate the scale invariance in the general 
case. Thus, we consider the canonical dilatation current [33J 

D; = x a T* a + Il„<M, (52) 

where 



dC 

and the matrix d defines the field dimension. For the Bose fields the d is the 
unit matrix. From Eq.(52),(53), we obtain 



where the conservation of the current was used 

= d^P^) = 0. (55) 
The analogous relation follows from [33] 

dC — dC 

o,d; = n„ (d + 1) + — + vd m - ac 

= * (mj 5 + m 2 P) ¥ = m x %% - ^m 2 ip* [fiu] ^ [fiu] . 

In Eq.(56), we took into account that for the charged particles the \& and 
¥ are the independent wave functions. The dilatation symmetry is broken 
because of massive parameters mi and m 2 . In the massless case, ni\ = 0, the 
dilatation current Df. is also not conserved, but later we will introduce the 
modified conserved current. 



(56) 
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To obtain the symmetrical the energy-momentum, we use the expression 
for the Belinfante tensor 



T/L - 2 { T va + dpXp^ , (57) 

where 

X Plta = - [IlpJ^ - tt-nJpJ* - U-aJp^] + cc. (58) 

The additional complex conjugated term in Eq.(58) and the factor 1/2 in 
Eq.(57) are specific for our first-order formulation of charged fields. From 
Eq.(2),(5),(53), we obtain the tensor X Pfia : 

X 0/m = Saplpl^M - ScySp&W] ~ ^a^W] + + C ' C ~ ( 59 ) 

With the help of expressions (59), (57), and equations of motion, we obtain 
the Belinfante symmetric energy-momentum tensor 



(60) 



2 

From Eq.(60), one finds the trace of the energy- momentum tensor 



= 2m a ^A- (61) 

In the case of massless fields, ni\ = 0, the trace of the Belinfante symmetric 
energy-momentum tensor vanishes. We note that the trace of the canonical 
energy-momentum tensor (51) does not equal zero for massless fields. We 
evaluate a modified Belinfante dilatation current 



D* = x a T* a + V„ (62) 
where the field-virial is given by 

= - U a J a ^ = -tt/^tt + Vf3 a J afi *. (63) 
Using (2), (5), (11), one finds 

0^ = -rmiplipx - -m 2 Vf H VV]- ( 64 ) 
12 



As a result of Eq.(61),(62),(64), we obtain 

d»K = 7£ + d,V, = m^x - \m 2 ^ [M = d^. (65) 

i.e. the same result (see Eq.(56)). For the massive fields, m 1 ^ 0, the 
dilatation symmetry is broken as it should be. For massless fields (mi = 0), 
the currents D c , also are not conserved, but one can introduce the new 
conserved current 

D, = D* - V, = x a T* a , (66) 

so that d^Dp = 0. Thus, massless fields (charged and neutral electromag- 
netic fields) possess the dilatation symmetry with the new dilatation current 
(66). Conformal symmetry of massless DKP equation also was investigated 
in another formalism in |34j . 



6 The canonical quantization of massive fields 

Let us consider the massive case implying that m x ^ 0, m 2 ^ 0. The 
normalized solutions to Eq.(6) with definite energy- momentum in the form 
of plane waves can be written as follows: 



x 



I Tfl\ + VT12 

2p V 



ty s (±p) exp(±ipx) , 



(67) 



where p 2 = p 2 — p^ = — m^mi, V is the normalization volume, and s = ±1, 
is the spin index. The function ^ s (±p) obeys Eq.(17), and we explore the 
normalization conditions on the charge 



#f \x)(3^ \x)d 3 x = ±5 S 



qf\x)f3^ ( j\x)d 3 x = 0, (68) 



where ty^\x) = (^^(x)) T]. The field operators in the second quantized 
theory are given by 



ty(x) 



p,s 



(+), 



X 



9(x) = £ 



p.s 



a; tS ^\x) + b p ,M\x) 



(69) 
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where the positive and negative parts of the wave function (x) are defined 
by Eq.(67). The creation and annihilation operators of particles, a+ s , a p s 
and antiparticles 6 PjS obey the usual commutation relations 

[dp jS , a pi )S '} = ftss'bpp'-i \ a p,si a p',s'] — [ a p )S i a p',s'] = 0) 

h,-^ b t',s>] = <W<V> [bp, s , b p > lS >] = [b+ s , bp s ,\ = 0, (70) 
[a P! sX'A = [a P ,s,bp >s ,} = [a+ s , V,,'] = K^K'J = °- 

It follows from commutation relations (70) that the metric is positive-definite. 
Thus, we construct vector space which is really a Hilbert space. For quan- 
tization of the massless fields, one needs to introduce indefinite metric (see 
Ref. [27]). From Eq.(68)-(70), one can find the commutation relations for 
different times 



V M (x),y N (x')} = \y M (x),V N (x') 



0. 



N MN (x,x') = N^ N (x,x') - N MN (x,x'), 
Nt 1N (x,x') = J2{^ s +) (x)) M (¥;\x') 

p,s 

N MN (x,x') = J2{^ 



V M (x)^ N (x')} =N MN (x,x'), 

(71) 



N 



[X 



p,s 



M 



N 



We obtain from Eq.(67),(71) 

From Eq.(27), one finds that the equation 

+ S(-i) + S(o) = 1, 
is valid. Then, from Eq.(22),(29), we obtain 



(*.(±p)) M (* B (± P j) N exp[±z P (x-x f )]. (72) 



s 

and Eq.(72) reads 
n mn(x,x') = J2 



±ip (±imipP ± im2pP — 
mim 2 (mi + m 2 ) 

1 / ±ip (±imipP ± im 2 pP — mim 2 



m\m2 



(73) 



(74) 



2 Po V 



m\m2 



exp[±ip(x— x')] 



MN 
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(75) 



where we introduce the singular functions 



MN 



A+(x - x') 



A+( x ) = X 77-77 exp(zpx), A_(x) = X77— TTexp(-ipx). (76) 



With the aid of the function 

A (ar) = z(A+(x)-A_(x)), (77) 
and using Eq. (71), (75)- (77), one finds 

N MN ( X , x>) = -i + ^ " mim2 ) ) A (x-x>). 

V mim2 Jmn 

, (78) 

The function Aq(x) vanishes when x 2 = x 2 — t 2 > [32]. One can check with 
the help of Eq.(7), that the relation 

_ \ Ppdp (mxfipPdn + rnzp^Pd^ - mxm 2 ) 

nOu + m\P + 777.2 -P 

f - \ ' ' (79) 

[miP + m 2 P) /3 M <9 M , . 

= a u - mim 2 . 

m\rri2 v 7 

holds. Using the equation [32] (<9 2 — m 1 m 2 ^) A ± (x) = 0, from Eq.(75),(79), 
we arrive at 

(/3 M <9 M + mj 5 + m 2 P) N ± (x, x') = 0. (80) 

The vacuum expectation of chronological pairing of operators (the propaga- 
tor) is defined as [32] 

(T* M (x)* N (y)) = N c MN (x-y) 

(81) 
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= 0(x - y ) N^ IN (x -y) + 9(y - x ) N MN (x - y), 

where 9{x) is the theta-function. Then, one obtains from Eq.(81) the prop- 
agator: 

(T*{x)-*{y)) = -?-^ — — L K(x-y), 82 

where 

A c (x -y)=9(x - y ) A + (x -y) + 9(y - x ) A_(x - y). (83) 

With the help of the equation (32] (d^ — mim^j A c (x) = i5(x), and from 
Eq. (79), (82), (83), we find 

(>A + m{P + m 2 P) (T*(x) • (y)> = i ™^ + ^ ^(x - y). (84) 
v ' mim 2 

At the chose mi = m 2 = m, and taking into consideration Eq.(8), P + P = 
1, the propagator (82) and Eq.(84) are simplified. The above equations 
are not valid for the massless case, m% = 0, because of singularities in 
Eq. (78), (79), (82), 84). For the massive case, the propagator (82) can be used 
for calculations of quantum processes with vector particles in the first-order 
formalism. The difficulty to quantize massless fields in the 10-component 
form of equations is connected with the fact that eigenvalues of the operator 
Eq.(31), are degenerated. To avoid this difficulty, one needs to introduce 
a general gauge and to use the 11-component RWE. Quantization of massless 
fields (in the general gage) in the first-order formalism was performed in Ref. 



7 Conclusion 

We have considered the massive and massless vector fields in the DKP for- 
malism. Solutions in the form of matrix-dyads obtained allow us to make 
quantum-electrodynamics calculations of processes with vector particles in 
the covariant form. After the exclusion of the non-dynamical components the 
Hamiltonian forms of equations for massive and massless fields are obtained. 
One may consider particles in external electromagnetic fields at the level of 
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the Hamiltonian form. The canonical and symmetrical Belinfante energy- 
momentum tensors found possess their nonzero traces. We investigate the 
dilatation symmetry in the first-order formalism. It was demonstrated that 
the dilatation symmetry is broken in the massive case but in the massless 
case the modified dilatation current is conserved. The canonical quantization 
is considered in the DKP form and the propagator of the massive fields is 
obtained. Quantization of fields and the propagator found make it possible 
to use the perturbation theory for different quantum calculations in a simple 
manner. 



Appendix 

Now, we clarify the physical meaning of parameters m 1; m 2 introduced 
in Eq.(l). Eliminating the antisymmetric tensor in Eq.(l), one obtains an 
equation as follows: 

(S^dl - d^du) ijj v - mim 2 ^ = 0, (AI) 

Let us consider the momentum space, — > ip^. Then Eq.(Al) becomes the 
matrix equation 

M^ v = 0, (A2) 
where the matrix of the equation is given by 

= 5^ (p 2 + m x m^) - p^p u , (A3) 

where p 2 = p 2 = p 2 — p\. One can verify that the matrix M = {M^} obeys 
the "minimal" polynomial equation 

(M-p 2 -m 1 m 2 ) (M-m 1 m 2 ) = 0. (AA) 

It follows from Eq.(A4) that the matrix M has the eigenvalues Ai = p 2 +m 1 m 2 
and Ai = m^mi. The algebraic matrix equation (A2) possesses non-trivial 
solutions if det M — 0. This leads to A x = that is equivalent to the 
dispersion equation 

Po — p 2 + m 1 m 2 , (A5) 

or A 2 = 0. Eq.(A5) tells us that the mass of a particle is m = ^/ralm^. 
The equation A2 = is satisfied if mi = (we do not discuss the trivial 



17 



case m 2 = 0). Equation m x = corresponds to massless case because it 
leads to pi = p 2 . It should be noted that Eq.(Al) (or system (1)) does 
not describe simultaneously two particles (massive and massless). Eq.(Al) 
describes massive particles if mi ^ 0, m 2 7^ or massless particles if mi = 0, 
m2 7^ 0. Thus, we have the convenient parametrization which allows us to 
consider both cases: massive and massless. Applying the 4-divergence to 
Eq.(Al), one finds that the equation d^ip^ = holds automatically only for 
massive case mi ^ 0, m 2 7^ 0. The equation <9 M W = leaves only three 
physical degrees from 4-vector ip^ corresponding to three spin projections of 
vector particles. For massless fields (mi = 0) the Lorentz condition d^ip^ = 
does not follow from the equation of motion (Al) which becomes the wave 
equation for the four-potential [35] . 
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